Introduction
Path planning has experienced a tremendous growth during the last decade [lo] . Currently several planners can deal with complex geometric problems and robots with many degrees of freedom (see [9] for a survey). Despite the vast amount of work on planning, little has been done to consider the physical properties of the robots, such as their flexibility.
In this paper we present a planner that computes paths for a flexible surface patch as a first step in the direction of considering the physical properties of moving objects during path planning. Several important applications motivate our research: in industrial settings flexible objects (e.g. cables) are ignored during planning, although it is well-known that they restricl, the feasibility of many paths. In assembly maintainability studies, previous work [5] has focused on planning removal paths for rigid parts, although it is well-known that designers take into account the flexibility of parts to produce compact assemblies [15] . Last but not least, our work may have applications in other domains such as computer generated animation, surgery (i.e. guiding a flexible medical tool inside the human body), and molecular modeling (i.e. docking of two molecules).
We rpodel the surface patch as a low degree tensor product B&ier surface [7] and we plan paths for this surface borrowing ideas from the Probabilistic RoadMap planner (PRM) in [8, 91 . PRM was chosen because it is one of the few planners that can deal efficiently with high dimensional planning problems. Our new planner, which we call f-PRM, proceeds as follows. Initially a large number of configurations are created using appropriate randomization techniques. Configurations that are collision free and have an energy below a user specified threshold are retained as the nodes of a roadmap. The edges of the roadmap are low-energy paths that are found among these configurations by a local planner. Once a sizable roadmap has been produced] f-PRM answers user queries by connecting the initial and the final configuration to the roadmap and then searching the roadmap for a sequence of paths between these nodes. The planner is not restricted to B&zier surfaces; we use this simple model because it allows straightforward manipulation of shape by controlling only a small number of points which are called the B6zier points or control points of the surface. A snapshot along a path produced by f-PRM is given in Figure 1 . The surface shown is controlled by 9 points, defining a 27-degrees-of-freedom planning problem.
The surface patch can be regarded as a crude approxi-mation to a sheet metal or a plastic part which is elastic and is manipulated in a mechanical assembly. At this stage, we use a simple energy model for the part that penalizes extensive stretching and bending of the part. When the energy of a deformation is below a predefined cutoff, the deformation of the part is assumed reversible. Furthermore, we do not account for the tools required to manipulate the surface or the ability of a flexible part to comply with motions of the manipulator by yielding to the contact forces. Research in a similar spirit is done in the area of assembly planning where no manipulators are considered when finding a sequence to assemble a product [22] . At a later stage we expect to incorporate in our planner manipulation constraints and the tools required for manipulation. Our work blends ideas from planning for highdimensional problems (PRM) with work in geometric modeling (representations of curves and surfaces) and mechanics/physics (energy models for physical properties). The randomized framework of f-PRM provides an excellent experimental testbed for investigating several novel issues that arise in the context of planning with flexible objects. These include (a) understanding the implications of using different geometric representations for flexible objects, (b) acquiring meaningful energy models for these objects, (c) studying the effect of manipulation on deformable parts, (d) developing algorithms for computing low-energy paths between configurations with different deformations, (e) obtaining efficient methods for collision checking when the shape of the object changes, and (f) studying techniques for improving the overall quality of the paths. This paper is organized as follows. Section 2 briefly surveys related work. Section 3 outlines the general principles of EPRM. In Section 4 we discuss our current implementation for the BCzier surface patch. We report experimental results in Section 5. Section 6 the paper.
Related Work
Recent work on the path planning problem has produced several practical planners for robots that consist of rigid parts (see for example references in [2, 91). These methods routinely take into account geometric constraints such as joint limits and obstacles, but also constraints arising from kinematics such as nonholonomic velocity constraints due to the rolling without slipping of wheeled mobile robots [ll] , or constraints over the radius of curvature of a car-like system [la] .
Robotics work has also considered several aspects of dealing with physical constraints during planning. The study of dynamics and control have guided the design of modern robots and is an area of active research [17] . Furthermore, the complexity of certain problems that couple planning and dynamics has been investigated (see for example the work on kinodynamic motion planning [6] ).
Deformable robots and moving parts have been studied in the context of manipulation. Robots with flexible links are now being built since they facilitate certain tasks (like hammering a peg into a hole) and their modeling and control is an active area of research (for pointers to current work see [15] ). Recent papers consider dynamic analysis of robots with flexible payloads such as two robots manipulating a flexible sheet metal [15] or a vibrating object [18] , or solve the task of inserting one end of a flexible wire into a hole while holding the other end [14] . Furthermore, research in snake-like robots has explored "geometric mechanics", a topic that is relevant to our discussion [16] .
Issues related to object deformation have been mostly studied in mechanics, geometric modeling, and graphics. In mechanics there exists a large amount of research on modeling physical properties such as elasticity [3] . In geometric modeling several representations for curves and surfaces have been developed to enable accurate manipulation of shape [7] . In this paper we the use tensor product BCzier surface but other models may also be appropriate and this issue is currently under investigation. In graphics physically-based models have been proposed for deformable parts [19, 201. The use of physical simulation and related optimization techniques as a means of geometric interaction has been applied to animation [21] , free-form surface and volume modeling [4] , and mechanical design [23] . For a discussion on the dynamic simulation of non-penetrating flexible bodies see [l] .
f-PRM: General Description
f-PRM repeats a basic step until a query is answered or until an predefined amount of time has elapsed. The method can be seen as a single shot method (answering a single user query), or as a method that consists of a preprocessing and a query processing phase. In both cases, the approach is incremental: the constructed roadmap can always be augmented by adding more nodes and more paths, hopefully capturing in greater detail the connectivity of the free configuration space (C-space) and allowing for a larger set of user queries to be answered.
Preprocessing f-PRM constructs a roadmap R = (V, E) by repeating the following basic step.
Node Generation A low-energy deformation is generated uniformly at random. Then N configurations are obtained by applying a random rigid transformation to the deformation until a collision free configuration is produced. All configurations become nodes of R.
e Node Interconnectzon Having defined a distance metric in C-space, f-PRM attempts to connect each of the newly generated nodes with its neighbors including both neighbors from the current basic step and neighbors from previous steps. Any produced paths become edges of R.
A simple and deterministic local planner must be used for the interconnections (see discussion in [9] ). In particular., there are three main concerns when dleveloping the locall planner: (a) the planner should connect two nodes through a sequence of low-energy intermediate configurations avoiding unnecessary energy variations, (b) the planner should be fast as it will be used thousands of times, and (c) the planner should be deterministic to avoid storing the actual paths in R.
e Node Enhancement A probability distribution function is defined over all the roadmap nodes in an attempt to heuristically measure the "difficulty" ad the area in which a node lies. f-PRM then selects A4 nodes according to that function and generates one new configuration close to each of them. The following heuristic scheme is used: a configuration c is chosen from the N configurations, in R with probability (see also [8, 91) 
Pr(c is selected) = W ( C )
The weights w ( . ) above are chosen as in [8] control points and several isolines.
f-PRM: The Case of a Tensor Product Bezier Surface Patch The Tensor Product BQzier Surface Patch
Bkzier surface patches were chosen as the model of a flexible surface in the context of f-PRM. They allow relatively straightforward manipulation of shape while keeping computational costs low when it is necessary to sample points from the surface. A cursory description of BCzier surfaces is offered below (for details see [7] Figure 2 .
Representation of Configurations The representation of configurations is broken down into three parts
e the load-free (or initial) deformation, e the deformation, and e the rigid transformation. (Figure 3(b) ). In our work we implement the above rigid transformation as a translation vector paired with a quaternion. Decoupling deformations and rigid body transformations allows using the same shape at different positions in the workspace and facilitates collision checking as discussed below.
' .I
Energy Model
In order to determine whether a particular deformation should be allowed or not, we devise an energy model that approximates the elastic energy of the plate [3]. The energy model penalizes deformations that induce high curvature, extension, or shear of the surface. We divide the energy into three terms E c u r u , E a r e a , Eshear and compute these terms on a n x n grid of points sampled evenly across the surface. Let xij , i, j = 1, . , . , n be the grid points. Let xf; , i, j = 1, . . . , n be the corresponding grid points at the load-free shape for referring to properties of that shape. Then Once the energy is computed, each component is compared to a predefined cutoff value. In this way we can plan for a path which allows high curvature but relatively little stretching of the surface or vice versa.
Collision Checking Collision checking is imple-
mented with the RAPID library [13] . This library takes as input collections of triangles describing the environment and the moving object. In our implementation, Bkzier surfaces are approximated by a n x n grid of points evenly sampled across the surface. The obstacles are also decomposed into triangle soups. Once an internal model of the surface and a model of the obstacles have been created by RAPID, a configuration can be queried for collision by specifying a rigid transformation for both models. The creation of an internal model of the surface is expensive compared to the actual collision checks. By keeping the shape of the surface separate from its location in the workspace the internal model for any one deformation can be built once and reused, speeding up collision checking. At this stage, we disallow self-intersections by limiting the curvature of the surface through its energy function.
Generation of Random Conformations First a
single deformation is generated in compliance with the energy cutoffs. Then random rigid transformations are applied to this deformation to obtain a large number of configurations, which are subsequently checked for collision with the obstacles. The details are given below.
Deformation Our presentation here is specific to biquadratic Bkzier surfaces, but can be extended to higher degree surfaces. Each offset vector dij for control point
Pij is created with a random direction and with a magnitude that is chosen uniformly at random from
where 1 depends on the position of P;j in the control net.
We bound the magnitude of the offset vectors in an effort to create random shapes close to the load-free shape and avoid excessive deformations of the surface. For the corner points, 1 = O.Smaz{length of zero-shape isolines}, while for the control points on the edges of the net planning between identical deformations and planning between different deformations. In the first case, the quat ernions of the initial and final configuration are compared to find the axis of rotation and angle of rotation needed to get from one orientation to the other. Then a path[ is constructed by linear interpolation of the translation and rotation vectors. If the deformations of the initial and final object are not the same then the deformat ions of intermediate configurations must also be linearly interpolated. Since the local planner is deterministic, the actual paths need not be stored in R; the edges of R record the fact that a connection can be achieved using the local planner.
5, Experimental Results
We perform experiments with a biquadratic Bkzier surfatce patch in an environment that contains a narrow passage through which the surface should move and whose size is smaller than the size of the surface. We used a IO x 10 grid to compute the energy of the surface. The code is written in C++ and all the timing results were obtained on an SGI R10000. Our implementation follows closely the description in Section 4 with ithe exception that enhancement is started after a few baisic steps; the number of nodes generated in each basic step is small and our heuristic scheme for enhancement is not very efficient with small roadmaps. the hole (from below and above). This restricts the deformations with which the surface can go through the hole. It also requires the surface to deform before going through the hole and stay deformed until it, is past the vertical obstacle. We solve this problem by keeping the parameters of f-PRM the same, which further attests to the robustness of the planner. We run the planner for 10 different seeds of a random number generator. f-PRM consistently solves the problem with an average running time of 4.7 hours.
Discussion
This paper discussed a randomized planner, f-PRM, which computes paths for a flexible surface patch. Although we concentrate on the case of a BCzier surface patch that is subject to some energy constraints, o u r approach is more general. We are currently working towards obtaining a realistic energy model that will reflect the elasticity of the plate. Our work raises several (5) interesting issues that we expect to address in the future. These include: obtaining meaningful energy functions, studying manipulation of deformable objects and the constraints it imposes, and devising methods that smooth our paths or possibly relax the energy of the object along the computed path.
